Abstract. This paper is a report on the observation that some singular varieties admit Calabi-Yau coverings. We derive a formula for calculating the invariants of the coverings with degeneration methods. By applying these to Takagi's Q -Fano examples([Ta1], [Ta2]), we construct several Calabi-Yau threefolds with Picard number one. It turns out that at least 22 of them are new.
Introduction
A Calabi-Yau manifold is a compact Kähler manifold with trivial canonical class such that the intermediate cohomologies of its structure sheaf are all trivial (h i (X, O X ) = 0 for 0 < i < dim(X)). One handy way of construction of Calabi-Yau manifolds is by taking coverings of some smooth varieties such that some multiples of their anticanonical class have global sections. Indeed majority of known examples of Calabi-Yau threefolds with Picard number one are constructed in this way. In this paper we show that some singular varieties with cyclic singularities also admit Calabi-Yau manifolds as their coverings. We also prove some formula with which we can calculate the invariant of those Calabi-Yau coverings with degeneration method. We apply our technique to construct Calabi-Yau threefolds which are double coverings of Takagi's Q -Fano threefolds ([Ta1] , [Ta2] ). Our construction gives at least 22 new examples of Calabi-Yau threefolds with Picard rank one. Three of them have the invariants which were predicted by C. van Enckevort and D. van Straten in their paper, [EnSt] .
Let us recall a notation for a certain singularity. Let r > 0 and a 1 , · · · , a n be integers and let x 1 , · · · , x n be coordinates on C n . Suppose that the cyclic group Z r acts on C n via x i → ε a i x i , for all i, where ε is a primitive rth root of unity. A singularity q ∈ X is called a quotient singularity of type 1 r (a 1 , · · · , a n ) if there is a neighborhood of q that is isomorphic to a neighborhood of 0 in C n /Z r . Now consider a simple example. Let
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where x, y, z, w and t are homogeneous coordinates of weights 1, 1, 1, 2 and 5 respectively. Then X is a Calabi-Yau threefold. Define a projection
by (x, y, z, w, t) → (x, y, z, w).
Note that P(1, 1, 1, 2) has a singularity of type 1 2 (1, 1, 1) at p = (0, 0, 0, 1). Let S = {x 10 + y 10 + z 10 + w 5 = 0} ⊂ P(1, 1, 1, 2) ; then S is smooth. It is easy to see that X is a double covering of P(1, 1, 1, 2) with the branch locus S ∪ {p}.
Over p, the map π locally looks as the quotient map
where (x, y, z) ∼ (−x, −y, −z).
In the following section, we prove that a variety with singularities of type
) admits a Calabi-Yau double covering when the dimension is odd. Acknowledgments
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Existence of Calabi-Yau covering
For a line bundle L and a Cartier divisor D on a variety X, let V(L) and V(D) denote the total space of L and the total space of the line bundle corresponding to D respectively. Note that a section of H 0 (X, L) (H 0 (X, O(D)), resp.) can be regarded as a map from X to V(L) (V(D), resp.).
For any integer r, we can define a natural map,
in local coordinates, where t ∈ pr −1 (x) with pr : V(L) → X (pr : V(D) → X, resp.). We denote singularities of types
Let f : Y → Y be the blow-up at p. Then the singularity is resolved and the exceptional divisor E is a copy of P n−1 with normal bundle O E (−2). Note that 
where E is the exceptional divisor. Let n = 2m + 1 for some positive integer m. Then we have
is smooth and disjoint from E. Clearly there exists a global section
is the natural map. Then X is smooth. Letπ : X → Y be the restriction of the projection V(D) → Y to X, thenπ is a double covering map. The canonical class of X is:
and the cohomologies of its structure sheaf are:
for 0 < i < n, where F =π −1 (E). Note that F is isomorphic to P n−1 because E is. Let H be the unique ample generator of Pic(F ), then
Since Pic(F ) is torsion-free, F | F = −H. Therefore F can be smoothly contracted to a point. Let g : X → X be the contraction. Note that X is smooth. Since
we have
Because the map g * : Pic(X) → Pic( X) is injective, the canonical class of X is trivial: K X = 0. Furthermore since Y is projective, so are Y , X and X.
To prove that X is a Calabi-Yau manifolds, it remains to show that
for 0 < i < n. Consider the following exact sequence,
where k is a non-negative integer. Note that
We have an exact sequence
Note that
and
for 0 < i < n, which implies that
for 0 < i < n. Therefore we have
Note that the mapπ is finite and
Finally we have
for 0 < i < n, which leads to:
for 0 < i < n. In conclusion, X is a Calabi-Yau n-fold. There is a rational map π : X Y such that the following diagram is commutative.
But it is not hard to see that π is actually a double covering morphism with branch locus S ∪ {p}.
Picard groups and Chern classes of Calabi-Yau double-covering
For a double covering, it is not a trivial task to calculate the Picard group and other invariant even in the case that the base of the covering is smooth. In case that the covering is a Calabi-Yau manifold and that the complete linear system | − K X | contains a variety with a certain mild singularities, we can calculate the invariants with degeneration method. The result is summarized in the following: (1) The Picard group is:
up to torsion with the cup products preserved, where Cl( * ) is the class group and
where ( [Re] .
Our method of proof is by constructing a degeneration whose generic fiber is a deformation of the Calabi-Yau coverings. Once we get the degeneration, it is a straightforward task to apply the result of [Lee1] to get the above theorem.
Let Y be an n-dimensional variety with only singularities of type
). We assume that n is odd and greater than one. Since the anticanonical divisor −K Y is not Cartier unless Sing(Y ) = ∅, there is no line bundle corresponding to −K Y a priori. Consider a sheaf of algebras on
Note that it is a generalization of the construction of a line bundle for a Cartier divisor (cf. Remark 2.3). Let
under which we consider Y as a subvariety of V(−K Y ). Let
is denoted by
Since we have pr
the variety pr −1 (Y * ) with the projection:
is the line bundle that corresponds to −K Y * , where Y * = Y − Sing(Y ). These constructions were studied in a more general setting under the name of 'Seifert G m -bundle' ( [Ko] ). According to section 2 of [Ko] 
and the projection φ maps:
We call V(−K Y ) with the projection pr : 
where g : U n → C is a function such that g(0, · · · , 0) = 0 (∵ S is smooth, so disjoint from Sing(Y )). By direct calculation, one can show that this variety is smooth. Therefore X is smooth. The map π = pr| X : X → Y is a double cover branched along S ∪ Sing(Y ). Note that
is finite, we have K X = 0. Let Y be the blow-up of Y at Sing(Y ). Then Y is smooth. By Serre duality, we have
for 0 < i < n. Note that the map π is finite and
Accordingly we have:
for 0 < i < n. Therefore X is a Calabi-Yau n-fold. 
and it has a unique extension to a section of L Y . Let us denote it by δ 2 . Let ∆ be a small open disk which is centered at the origin in C. We define a variety:
be the projection and Z ′ t = f −1 (t). Then the central fiber is:
. and a generic fiber (t = 0) Z ′ t is a Calabi-Yau n-fold which is a deformation of X (Note that X = ψ −1 (im(ρ)) = f −1 (∞)).
By direct calculation, we have:
Along the smooth C = D ∩ S, Z ′ is locally the product of an (n − 2)-fold and an ordinary double point. If we blow up Z ′ along C, then the exceptional locus is a P 1 × P 1 -bundle over C. It is the usual procedure to contract one of the ruling of the bundle smoothly to get Z. We can choose the ruling of the contraction such that (1 [n+1] ). If one blows up the total space at its singularities, then one has another degeneration of X such that the total space is smooth and central fiber is reduced and is a normal crossingwe have additional components isomorphic to P n , coming from blowing-up. Now we have a semistable degeneration of X. Since the number h 2,0 (X) = 0, we can apply theories in [Lee1] to calculate Pic(X) and other invariants, which is summarized in Theorem 2.1. We omit detailed calculations and refer the interested readers to the section 6.2 of [Lee2] . We apply the theory developed so far to some Q -Fano threefolds to construct new examples of Calabi-Yau threefolds with Picard number one. The first and second properties imply that Y is a Q -Fano threefolds. The third property implies that the complete linear system | − 2K Y | contains a smooth surface S, which enables us to apply Theorem 1.1. The intersection C = S ∩D is a smooth curve. By Lefschetz hyperplane theorem on orbifolds, The restriction map
is injective. By applying Theorem 1.1 and Theorem 2.1 to Takagi's Q -Fano threefolds, we have: (1) By (4) in Theorem 2.1, the Hodge number is:
= 2 − 1 = 1, which implies: rkPic(X) = 1. Therefore Pic(X) has an ample generator H. By (1) in Theorem 2.1,
where f : Y ′ → Y be the blow-up in Theorem 2.1. So we have
is an effective divisor on X, we can set π * (−K Y ) = aH for some positive integer a. Then
2 Y , which means: a = 1. We showed the first claim. 
